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Dynamic Modal Analysis of Monolithic
Mode-Locked Semiconductor Lasers

Eugene A. Avrutin Member, IEEEJohn M. Arnold, and John H. Marskellow, IEEE

Abstract—We analyze the advantages and applicability limits between parameters. To achieve a combination of accuracy,
of the mode-coupling approach to active, passive, hybrid, and har- physical transparency, and instructiveness in treating complex
monic mode-locking in diode lasers. A simple, computationally ef- laser dynamics, it is very useful to supplement time-domain

ficient numerical model is proposed and applied to several tra- deling b dal lvsighat treats the | d .
ditional and advanced laser constructions and regimes, including modaeling by amodal analysishat treals the laser dynamics

high-frequency pulse emission by symmetric and asymmetric col- at least partly irfrequencydomain by means of (longitudinal)
liding pulse mode-locking, and locking properties of hybrid mode- mode decomposition. The foundations of this approach for

locked Fabry—Perot and distributed Bragg reflector lasers. a generic class B mode-locked laser were developed by H.
Index Terms—Modeling, mode-locking (ML), optical pulses, Haus at the same time as the SCP theory, with an emphasis on
semiconductor lasers, ultrafast optics. active ML [14]. Lau and co-workers [15]-[20] extended the
approach to semiconductor lasers and successfully explained
I. INTRODUCTION a number of important trends in the behavior of mode-locked

o ) lasers using simplified models that involved only three modes

M ODE-LOCKING (ML) of monolithic semiconductor [15] [16], [20], or, in the opposite extreme, a continuum of

laser diodes (LDs) attracts considerable intereshoges [17]-[20]. This approach was extended by our team [1],
first, for an increasing number of practical applications i 3], [21] and other authors [22], [23] to take into account a
microwave - optoelectronics, (e.g., microwave over fiberjiite number of modes and to incorporate some specialized
high-speed OTDM, and WDM communications (see [1] for agser structures [24], [25]. So far, however, the progress in the
overview) and, second, from a purely scientific point of viewjme-domain analysis of ML LDs has not been matched by the
as an important prototype system in nonlinear dynamics apghdal decomposition approach, with no journal publication on
synergetics and as a manifestation of high-speed nonlinearijigg technique approaching the generality of the DTDM model.
in active semiconductor media. Computationally efficient phyfﬂere, we present the full version of the modal decomposition
ically instructive theoretical models with predictive Capabilitiegpproach which: 1) is rigorously derived with the underlying
are, therefore, useful for a detailed understanding of the physigsyroximations and limitations assessed; 2) includes some
of these devices, analysis of their behavior and, ultimatejyportant effects (e.g., fast nonlinearities and group-velocity
optimization of construction and_operatlon regimes. A numba\’spersion) neglected by other authors; 3) is applicable to a
of theoretical approaches to ML in LDs have been attemptedyfpad range of laser constructions [including harmonically
the last decade (see [1] for an overview). Most of these opergt@de-locked structures and distributed Bragg reflector (DBR)
in the time domain and have progressed from modificatioqb'ﬁsers] and operation regimes (active, passive, hybrid, and
[2]-[4] of the classical semianalytical self-consistent PU|S§ynchronous ML); and 4) is capable of describing both
profile (SCP) theory (originally developed by H. Haus in thgteady-state behavior and dynamics of mode amplitudes and
1970s for gas and solid-state ML lasers), through intermedigigases. The organization of the paper reflects these features.
level models [3], [6], to powerful distributed time-domain modsection 11 presents the derivation of the model and discusses
eling (DTDM) techniques widely used recently for modelinghe assumptions involved in this derivation. Section Ill presents
dynamics and spectra of various LDs, including mode-lockgde application of the model to simulate static and dynamic
lasers [1], [7]-{13]. However, SCP-type theories are plagued Bghavior of some traditional and novel laser constructions.
a number of inaccuracies for semiconductor lasers [1], where&sction IV contains the summary and conclusion.
DTDM modeling, while very powerful, can be taxing on com-
puter resources and, being a purely numerical method, does not
always provide physically instructive insight into interrelations IIl. MODEL

A. Slow and Fast Variables in Mode Decomposition
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where® is the transverse-lateral mode profile, aligd wy, v, version is more general than those used before and applies to
andUy are amplitudes, frequencies, phases, and spatial profifeere laser constructions.

of longitudinal modes, respectively (strictly speakifgsan be ] o )

also a function of;, albeit weak, because of waveguide dispef: Field and Polarization in the Laser. Weak Modulation

sion). However, a meaningful definition of longitudinal mode&nd Nonlinearity Approximation

and, therefore, of the functio§;, for a realistic semiconductor  Concentrating on longitudinal effects, we shall assume that
laser is not entirely straightforward. Indeed, the laser is an opefrong built-in index guiding ensures a single transverse/lateral
inhomogeneous optical cavity with gain and loss. Moreover, inode with a profiled(z, 3) as in (1). Then, we may start with

a multimode laser, the dielectric permittivity is always time-dethe one-dimensional wave equation in the general form
pendent, even during nominally continuous-wave operation, due oo ) oo

to mode beating. Most papers on modal analysis of mode-locked 1 8_[772 ] = 19
LDs [15]-[22] used simple standing wav@$, ~ cos(rkz/L), 022 c? Ot c? ot
where L is the cavity length) as a basis of mode decomposi-Here, FE(z,t) the longitudinally varying field
tion. However, these are not true eigenmodes for an open lagBsp (x,y, z,t) = H(z,y)E(2,t)), measured in units such
cavity and, so, their use is mathematically unjustified, partithat its square equals the photon density (averaged over
ularly for describing cavities other than a simple Fabry—Perah optical oscillation period)y)(z) the effective waveguide
resonator (such as a DBR resonator or a coupled-cavity coefractive index that describes theonresonant (built-in)
struction). An opposite approach to modes in semiconductielectric properties, including built-in Bragg grating(s), if
lasers involves calculating true, instantaneous mode profilesapfy. Finally, P is the resonantcomponent of the dielectric
the realistic cavity at each moment in time, using instantanequslarization which is associated with the lasing transition and
local values of the complex dielectric constant. This approaeéstricted to the active layer, hence, the optical confinement
was most fully developed [26] for single- (or dual) mode DFBactor I'. The symbol™ over a parameter notation means that
lasers. To the best of our knowledge, it has not been appliedte corresponding parameter is, strictly speaking, dispersive
ML, though, in a recent paper, Feiste [27] has used it to an@ptical frequency dependent) and, in the time domain
lyze applications involving resonant modulation of DBR laserfprmalism of (3), should be understood as an operator, e.g.,
which may be seen as a special degenerate case of active WE. = FT ![5)(z,w) - FT(E)], whereFT andFT ! are the

A generalization to fully rendered ML should be, in principledirect and inverse Fourier transforms between tifhe and
straightforward. However, this technique, being exactly matbptical frequencyw) domains. In realistic lasers, the material
ematically equivalent to DTDM modeling [27], is as generalispersion tends to be comparatively weak (in the sense
as DTDM—but, by the same token, tends to be no more, atitht the relative variation in the parameters over the lasing
sometimes less, computationally efficient [28]. Here, we use gpectrum is small) but it is retained here, since group velocity
intermediate approximation, which is more realistic and generdibpersion has been shown to be of some importance in some
than the simple standing-wave expansion but less cumbersomede-locked laser constructions [1], [12]. Next, we introduce
if somewhat less general, than the true instantaneous mode ttad-rotating wave notation

culation. We make use of the fact that in most multimode lasers,

rp 3)

frequency distances between all adjacent modes are close folat) = gt

nominal round-trip frequencAQy = v,/2L., L. being the % (ET(Z_/t)efz'fﬁ,‘efdz n El(z./t)eifﬁrefdz) +ece.
characteristic size of the laser cavity (the physical cavity length @
for a Fabry—Perot resonator, or the effective length, defined in

Section I, for a DBR cavity), and, = ¢/7,, the group Ve- \yherew,; andf,e; = 1(z)wrer/c are the reference optical fre-
locity of light (1, = 1 + w - 9n/0w being the group refractive quency and longitudinal wave vector, respectively [the latter,
index in the waveguide). Then, we define a parameter (695 a5 in [27], is allowed a (weak)-dependence for convenience,
slowifits temporal evolution is much slower than the round-trigy zjiow slightly differents,..; values to be assigned to cavity

frequency sections of different physical nature, i.e., active sections, pas-
9A sive sections, grating sections, saturable absorbers etc.], and
‘E < |AQpA| (2) E, andE; are the “slow amplitudes” [“slow” in the sense of

((0/0t)Ery| < |wE,|; 1(0/02)E, | < |BE.| though not
andfastotherwise (i.e., whefdA/ot| ~ |AQyA|). It is then necessarily in the sense of (2)] of right- (forward-) and left- (re-
natural to describe all the fast laser dynamics in frequency-drse-) propagating fields, respectively. It is then convenient,
main terms via the decomposition (1) and all the slow dynamifisiiowing the notations of [26], [27], [29], to introduce a two-
in time domain through the temporal dynamics of the paramgimensional “vector’E defined as
ters Ex, ¥y, andUx. The mode profiled/; then describe the B

] ; : . (2, 1)
open and inhomogeneous cavity and are instantaneous, as in E(z,t) = { Ey(z.t) } (5)
[26], [27]—but only on the slow time scale, which makes for =
much more efficient calculations. The model is essentially the Similar “vector” notations may be introduced for the reso-
same as that used in our earlier work [13], [21], [24], but wilhant polarizationP. Let us now consider this latter parameter
be described here, first, because our previous papers presemeadore detail. It is well known that the main dynamic variable
the model without derivation and, second, because the preshiat describes the active layer medium and, thus, parameterizes
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the polarizationP is the free carrier densitiy(z,¢). For sub- of interest here (nor is it necessary to achieve ML). In the
sequent analysis, we shall separate components of this variatd@evation below, we assume, therefore

varying with time at different time scales
|AP| < |P(0)| AP = Pye + Poe + P (10)

N(z,t) = No(z,) + Y Nm(z,1)e™ 2% +cc. (6)
1 C. Modes of the Laser Cavity

In (7), N, is the slow component aV and the rest of the Now, we substitute (8) and (9) into (3) and rewrite (3) with
terms in the series are fast, though all the amplituiigs m = the aid of (4) in terms of amplitude vectors (5). The result is
0,1,2...areslowquantities. Physically, the fast terms represefinveniently expressed in a matrix operator notation as in [26]
the density response to longitudinal mode beating (important'fh‘ﬁ‘OI [27]
passive ML) and/or to external resonant modulation (e.qg., in ac- )

o~ Wref
tive ML). In multigigahertz lasers, we may expect these quanti- or T HE + 2 p. (11)
ties to be small 7

with the matrix operatoﬁ defined as

1 0) 9 <@(th) Ki(2) )} E

since the characteristic time of the relaxationéfis much HE = vg [‘ (0 ~1) 0z \ Ki.(2) DB(z1)
longer tharl / Af2,. In the resonant polarizatia®, we can then ’ 12)
separate several terms of different physical nature, namely  Here,

|Nm|<<N0./ m=12....

P:P0+Pq8+Pne+Prm (8) m(zvt)(zvt): ﬁ(zvt)_ﬂrcfzwZOfm(th)-l_%g(Z?t)

The first termP, is associated with the slow componéW

- ) ' defines the local complex wavevector. The relation between
of the carrier density and may be written as

its real and imaginary parts may, to a first order, be approx-
- inc _ imated using the Henry linewidth enhancement factor
Py = Ae(No)E = (—w G(No) — 77A77(No)> E (9 An= —agc/wes. K and K, stand for distributed coupling
ref between right- and left-propagating waveds,{ = Kj. = 0

where Ae(N,w) is the interband component of the dielectrieverywhere except DFB or DBR sections, if any). To define the
constant, which includes the gajiiV,w) and the density-de- operatorH fully, (12) is completed with boundary conditions
pendent refractive indexAn(w). The polarizationP, does at the facets
not depend on the light intensity directly, only parametrically I, I, I, I,
through the dynamics a¥,. We shall, therefore, refer to itas  E» <—§> = piiu <—§> E <§> = prEy <§>
the quasi-linearterm. The next two terms in (8) then describe (13)
the nonlinear polarization, explicitly dependent on the light wherep,
intensity. The former of the twaquasi-equilibriumterm, P,

1 =1 exp(—i2 fOiL/Z Bretdz) are effective right and

: i ! HHcs left reflectances for slow amplitudes (generally speaking, they
is associated with the fast oscillationé,,(m = 1,2...) of giffer from physical reflectances . by random phase factors,
total carrier density. The followingyonequilibriumterm Py,  though this is only important in complex laser constructions
is introduced to describe fast optical nonlinearities. Thesgch as grating lasers, or compound-cavity structures which also
describe nonlinear optical response of the active medium dy€~q an additional boundary condition [24]).

to effects related to the deviation of the energy distribution of \ye then choose the eigenfunctiotis(z, ¢) of the operator
carriers from equilibrium at constant total local densWy {7 gefined by the expression '

Such effects include spectral hole burning, dynamic carrier R N
heating, well-barrier nonequilibrium, and, for the case of HU, = .U, (14)

guantum well-saturable absorbers, kinetics of exciton ion- ) ) ) _
ization. The final term in (8)P,., is due to external resonant@S the basis functions of the expansion. The complex eigen-
modulation of the dielectric constant at or near the round-t\rgluesgk = {2, — i, describe the (relative) mode frequency
frequency and/or its harmonics and is only present in activér and the net modal amplitude gain. To project the wave
hybrid, or synchronous ML. To achieve sufficient analyticgfduation on the basis of the functiobis.(z, ), we introduce
progress in the model, we need to treat all three nonlinear dh§ inner product of two functions defined as [26], [27], [29]
modulation-induced polarization terms as small corrections to

the quasi-linear term. Thigeak nonlinearity and modulation UV —
approximation, although not universal, is sufficient for treating

many laser constructions and regimes of practical interest. -
Indeed, the small correction nature of theasi-liequilibrium and use the properties of the operafband its eigenfunctions

term P, f°.”_°WS from (7); the fast nonlinearities that Ie_ad toand eigenvectors established in the literature [26], [27], [29].
the nonequilibriumterm P, are well known to be relatively

. ) . . The most important of these properties are the orthonormalit
weak in most practical cases; and, finally, strong-signatl- P prop y

ulation is hardly practical at the multigigahertz frequencies U."U,, = dkm (16)

\l\ﬂr

d2(U, Vi + U,V,) (15)

[~
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(the unity factor at the Kronecker symbol being ensured by ap-P. As can be expected from the definition of the eigenmodes
propriate normalization df/;) and the completeness of the setl/,,, this approximation corresponds to the casainéoupled
o modes as the first term includes only parameters of the same
W(zt) = Z FrOU(z,1) (17) kth mode. The modes are only coupled by the second term that
includesA P. Using the weak nonlinearity condition (10), we

_ _ o N _treat these terms in the first order of the perturbation theory,
[for any field profileW satisfying the boundary conditions as in;sing U7, as the starting approximation eigenfunctions. The

(13)]. Inlaser constructions used for ML, we may expect that tgihscriptslow means the slow, resonant component (the fast,
frequency difference between the two adjacent modes is neygfresonant, components are corrections of a higher order
far detuned from the “nominal” intermodal interval(2, due to their oscillating nature). The same weak nonlinearity
condition (10) means that the nonlinear terilg. and Py

in (10) and (20) need include only the lowest, third, order
and, moreover, thaty,| < A€, for all modes. By numbering Nonlinearities. In the present version of the model, we shall
the eigenfunctions so that the mode number zero is the diglect wavelength-scale nonlinear effects such as self-induced
nearest to the reference frequengy; and choosingu,.; ap- 9ratings. Then, the general form for the nonlinear terms is
propriately, we may also ensure th&t,| < Ay. Then, we . - o~ o~

may rewrite the solution (1) of (11H) in|“vector" notations and’ae(ne) = 47 D Xo et By, Br, By, {UGUL Y

k=—o0

|2 — 2y — Ao < A2

with w, = kAQg + wyet ky1,k2 ks .
< U, ei]((k1+krk3)AQ+Qc)dt 1)
E(z.t) = Y Eu()U(z, 1) exp (i(kAQOt n Mt))) +ec :
k (18) In (21),X§i’,‘j:,§§e)) are the quasi-equilibrium and nonequilib-
Furthermore, we note that in a mode-locked laser, the mod&s " cggtrlbut|orgg:[lg)effect(g/’get)h|rd-0rder nonlinear susceptibil-

are shifted from their “cold-cavity” positions and the intermoddl'€S Xk ko ks = Xkikaks T Xkihoky and the subscriptuy means
interval is only approximately equal to the nominal valNg,. the spatially slow envelope, with wavelength-scale r_10nun|for-
This means that even in the steady-state ML regime, the ph quges ayeraged out. Then, the corresponding terms in (20) may
i (t) vary (linearly) with time. To get a more instructive model, e rewritten as

it is convenient to recalibrate the phases {Uk*(Pqe +Pne)e—ikj A_th} 1

Vi(t) = ex(t) +/ (k(AQ(t) — M) + Qc(t)) de (19) = dm Z Xzf;cgkgﬁklﬁkgﬁl Oky ks — ks o (22)
k1,k2,k3

Here, AQ(t) — AQy andQ.(t) are dynamic corrections to
the intermodal interval and the position of the reference (zerdgre.
mode, respectively, defined in such a way that in a steady-state @) e (@ i
multimode regime such as ML, the recalibrated phasesre X, kok, = Uki+ka—ks <Xk1 koks LUR UL, F o Ukz) (23)
constant. Apart from this requirement and the provision that
Q.| < AQq, |AQ — AQy| < AQy, the definitions of the ~ The rate equations (20) with the nonlinear terms in the form
calibration functionsAQ(¢) and Q.(t) are largely arbitrary Of (22) are formally similar to the classical equations derived by
and, within the numerical accuracy limits, should not affect tHeamb [30] for gas and solid-state lasers and, later, empirically
“measurable” parameters given by the model (such as mda#oduced for simplified modeling of the regime known as
intensities). Our method of estimating these functions will f&equency-modulation locking in homogeneously pumped

discussed below. semiconductor lasers [31], [32]. In a detailed self-consistent
model of a multimode or mode-locked laser, however, equations

D. Rate Equations for Complex Mode Amplitudes. in such a form would present some difficulties. This is because

Moderate-Dispersion Approximation of the task of parameterizing the third-order permittivities

N e . 3 : .
Substituting the mode decomposition in the form of (18) int&k, k., (23) for all the values of the three indexes (in [31],
(11) for the light field results in a system of rate equations whidf2l: empirical constants were used for these values). Even if
are most compactly expressed in terms of complex mode amHﬂe nonlinearity coefficients are calculated microscopically,

tudes the right-hand side of (23) contains cumbersome double sum-
mation. The problem is, however, greatly simplified if we use
Ek(t) - Ek(t)ei’*°k(t> themoderate dispersionondition which involves retaining the
d dispersion (mode number dependence) only of the quasi-linear

— By ~i(02, — kAR — 2,)Ey

dt
TWref % i [(kAR+0.)dt
U, AP)e i [ (kA2+20) (20
+ 27’]7’]!] {( k )6 }slow ( )

properties (such as the mode eigenval®gs= 2;, — iv;) and
neglecting dispersion of nonlinearities. This is a reasonable
assumption since both the nonlinearity and the dispersion are
treated as small corrections and theint effect is, therefore, a
Here, the first term describes the starting approximatioogrrection of the next order. To make full use of the moderate
neglecting the modulation and nonlinear polarization terntéspersion approximation, we need to validate it, not only for
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the active medium properties, but also for those of the lasecombination described by (/N) and the stimulated recom-
cavity. Namely, we need to ensure that the spatially averageidation due to lasing

product of two modes depends only on the frequency interval

between the modes but not on their absolute spectral positions 1 d < Ny

ms(z,t)  dNg \ 75 (No)

+ v,50(2) Z ng,%> . (28)
k=—o00

{UhU i} e = Em = E-m # f(K) (24) _ _ _

Noting that the amplituded’,,,(z, t) are slow variables, and

aking use of (2), we can neglect time derivatives in (27),

This is equivalent to neglecting the spectral (or mode number. Iding

dependence of the spatially slow envelope of a mode prof}ﬂa
{Uk}eny. For an idealized closed cavity, witti;, defined as im [(A2—AQ)dt
standing waves, the relation (24) holds universally and exactfy?"(’z’ t)e . L

In a realistic cavity, with mode eigenfunctions defined by (14), R —1gg - Emm Z ErErtm (29)
this relation is only approximate. Still, for simple Fabry—Perot 2 k

cavities, (24) follows directly from the condition of moderate The effective permutation in the dielectric permittivity caused

material dispersion. With more complex, fr.e_quency-gelectlvg, this small [due to (7)] variation of carrier density has a com-
resonators, such as DBR or compound cavities, (24) is less oeg—

vious and may, in general, be inaccurate. However, in such fP'%?X amplitude o, = (cy/4rw) - (9g/ON)(i — &) N, Sub-
. - sfituting this into (21)—(23), we can obtain an expression for the
guency-selective cavities, the modes that are selected for laser . I . : . .

d o . “guasi-equilibrium part of the small-signal third-order dielectric
operation (for example, modes within the Bragg stopband in a L ittivit
DBR laser) by definition have close net gaips, which also P y
implies a similar spatial structure (see Appendix). Modes that (3.0) en  dg . Ts
have considerably different spatial profiles (such as the modeS koks — ~ V99 1~ 'W(Z_“) 1—i(k1 — k3) 7o AR
outside the Bragg stopband in a DBR laser) experience a lower
net gain and are, therefore, not important in the lasing spectruaferec andn are the velocity of light and the effective refractive
Therefore, with some caution, we may extend the use of (24)itslex, respectively, anél; # k;. In the moderate dispersion
coupled-cavity and DBR lasers. approximationngl”qu)k3 does not depend on the middle index

With these reservations, the quasi-equilibrium polarizatidsince the nonequilibrium components of the fast polarization,
P,. may be derived from the rate equation for the carrier densiie the quasi-equilibrium terms, have origin in pulsations of
N. With E in the “square root of photon density” units population inversion, their contribution tg) may be written

in the same functional form

(30)

N N 2N
NGt I N ey 4 p
z

2 .
2 3,ne cn 1€
o ed (V) (25) e = (31)

Xkeykoks — Arw ’ 1— L(kl — ks)TnlA'Q

Assuming that the only role of carrier diffusion [the last term Here, the complex value has the dimension of/E? =
in (25)] is to smooth out wavelength-scale variationg\gfand cm?, and the physical meaning of a characteristic coefficient of
using the moderate-dispersion and weak-nonlinearity approriode interaction due to mode beating (four-wave mixing non-
mations, we may split this equation into separate relations fiimearity coefficient).r,, is the characteristic type of relaxation
slow and fast components &f(z,t). For the slow component for the dominant type of nonlinearity (e.g., carrier thermaliza-

No(z,t), the result is a distributed rate equation tion time for spectral hole burning or cooling time for dynamic
carrier heating; both typically have subpicosecond values). If
dNa(z. 1 J N oo more Fhan one type of nonhnggrlqes is significant for the Igser
% - ﬁ —vy50(2) Y grEr. (26) material studied, the nonequilibrium term can be generalized
© T~ (Yo k=—o0 in the form of a sum of corresponding terms. We note that the

functional form (31) for the fast optical nonlinearities implies,
For the (small) fast components, collecting the resonant teraart from the moderate dispersion, also adiabatic exclusion of

gives polarization, or neglect of any electron-hole coherence. This is
valid whenr,; > T, whereT; is the characteristic dephasing

dNp(z,t) time for the electron-hole transitions (typically in semiconduc-

Tt + imAQNy, tors under lasing conditiond, ~ 50-100 fs). For the case

of carrier heating nonlinearities, this is a good approximation
as in this case,,, ~ 300-700 fs. For spectral hole burning
and related nonlinearities,; ~ 100 fs), the adiabatic exclu-
sion of polarization is more tenuous but is still known to be a
reasonable approximation [33]. The nonlinearity coefficient
Here,.J is the pumping current densityy (V) is the carrier and the response time,; may be calculated microscopically,
lifetime, and the effective recombination timg(z, ¢) isthe in- as can gain/absorption coefficients and refractive index varia-
verse total recombination rate, including both the nonstimulatédn, but this is beyond the scope of this paper. Note that (31),

Ny, - ST —im [(AQ=AQq)dt
N ——— — Vg - :mZE’};Ek+me Je o)dt.
TS &

(27)
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unlike (30), holds also fok; = k3, when it describes gain/ab-subdivided to improve the accuracy. Space averaging gives
sorption cross-saturation iy = ks # ko or self-saturation if for the coupling coefficients
k1 = ks = ko.

pling equations in the form [13], [21]

Substituting (30) and (31) into (20), we obtain the mode cou-2G,, (Z B pr )
= ktg4+m
Vg

k

d - (o o\ B Jet@, |va(lti0a) Aa-Tsa £a
k() (-Qk - wk) Ex(t) + ; G () Ertm(t) (32) {fm S imAQ T, 1= imAQr®
(9) Ug(l-l-’iag)-AGng £G
H th I t —Sm -
ere, the real parameter &9 1—imAQrs, l—imA.QTT(fZ)
W = kAQ + Q. (33) +Aap (1+i0mea) 650 (36)

Here, we have introduced the overlap factors

60 = [znros ("5 (-4 ) @7a

(9)
v

; ’ mm L mm
oL dz cos <T (z + 5)) fr(r?) = /dzEm(Z) cos <T <z + g)) (37b)
L (@)
™ <z+ g)) (38)

En(2) (— (2) Y EiE; m) (mod) _ 2D (2) cos | &
{ o) SR, i = [ aann(2)oo0s (7

, (mod)
vg(1 + i) (0—1{’,)
1-— imAQTE

is the recalibrated “nominal” frequency assigned to the mode,
and the complex values

Gm

T

™ e

+ 1-— imAQTnl

with the integration in (37) being over the length of the gain
or saturable absorber section and in (38) over the length of the
(34) modulator section [for some hybridly mode-locked lasers, the
absorber doubles as the modulator, in which case, the limits
are the mode coupling coefficients:( 0, note that in the no- of integration i_n (38)_ are the same as _in (37b)]. The function
tations used, eadH,,, is associated wittV_,,, rather thaniv,,,). Dm(z) is the dimensionless spatial profile of the_ external mod-
The first term in the figure braces describes the coupling V4ation at or around the frequency ofA(2 and, finally, Aar,
nonlinearity, and the second term, via external modulation. §@nds for the absorption modulation amplitugg,a(m) (2) =
this terma.q(z, t) is the amplitude of the external modulatior®@mD(2). In the special case of. = 0, the parameteti de-
of optical absorption (we assume that electrooptical moduiSeribes, not mode coupllng, but self- and cross-saturation of gain
tion is used as this is much more efficient than current mod@nd saturable absorption
lation [1]), and the linewidth enhancement factqy,,q defines (@) ©
the chirp of the modulator. In deriving (34), we have used the Go = vy5 - {50 agq — &g QEG}
moderate dispersion condition to approximate

+ Amod(2)(1 + t@mod) }

(39)

whereS = QZEM/Q E2 is the total light intensity and the

moderate dispersion approximation has been used to apply the
same nonlinearity parameters for self- and cross-saturation. For

1 L
UriUi+mr + Uiy Upgm,1 ®—cos (vg(9k+m — ) (Z + 5))
the average (slow) carrier densities in the gaWy,) and sat-
urable absorbefN,) sections, space averaging of (26) yields

L
< L>>
rate equations in the form

1
zfcos (m (35)
The mode coupling equation in the form of (32) contains

L

only single summation in the right-hand side, as opposed dN,(t) o N, gég)L £ )

to the double summation in (20) and (22). In a practical d ~ed 0, — Uy L, Z grE; (40)
calculation, the integration overin (34) has to be performed k=—4

by subdividing the length of the laser cavity into sections in AN, (1)

which the parameters such as the carrier denSgyand, by
implication, the light intensity profileZ;) can be treated as
constant values, averaged over the length of the section. Here,
we shall use the simplest approximation of only two sections These are the multimode equivalent of modified rate equa-
coinciding (or nearly coinciding, to allow for the imperfecttions used by one of the authors [34] for modeling self-pulsating
electrical isolation) with the two physically distinct regions irtandem lasers. The values of the carrier densigsand N,

the cavity—the amplifier and the saturable absorber—thoughe used to calculate space-averaged total recombination rates
the model can be readily generalized with sections furthgfrs, and1/7s, in (34).

(41)

M

] N, IS

~ _Z—i_vg OLa Z arF3.
f=— M
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E. Equations for Numerical Modeling YY, J (a)

The equations (32), (40), and (41) form the basis for numer- 1
ical analysis. In the numerical procedure, each of the complex . l

equations (32) is represented as a system of two real equation

' V
for the mode amplitude 1 i { 4 (b)
%Ek(t) = U_ggzetEk (t) 4+ Re |e " %: Gon(t) - Ek+m (t)] ===

2
42
() —1" Y ©
and phase I | l

d 7 n
a%@k(t) =wp —wy (43)

Here, the real variable ——

. 1 ~
Ej m Fig. 1. Laser constructions analyzed in the paper: (a) tandem passively
mode-locked laser; (b) colliding-pulse mode-locked laser; (c) single-absorber

. . . ACPM laser; and (d) hybridly mode-locked DBR laser. Light filling: gain
has the meaning of an instantaneous mode frequency (in igﬁions, darker filling-absorber/modulator sections, no filling—passive

steady state, the right-hand side of (43) vanishes so that aetions.

instantaneous frequency equals the nominal frequency). Using

the moderate dispersion approximation, we can express the net |||. A pPLICATION TO DIFFERENT CONSTRUCTIONS
modal gain in (42) in a form similar to standard rate equations AND REGIMES

et A. Tandem-Geometry Fabry—Perot Passively Mode-Locked
9" =1'(fg9 — faa) — aco — (6gx + 0ac)  (45) Lasers

In the case of Fabry—Perot lasers [Fig. 1(a)] with a cavity of
wherea,o is the cavity loss for the reference modg,, are thelength and length fractiong, ., = L, /L occupied by the
the volume (length) fractions of the gain and absorber, and t§&in and absorber sections, respectively, the intermodal interval
correctionségr = fy(g90 — gx) + fa(ar — ag) < g,a and is estimated simply a&Qy = v,/2L. The instantaneous modal
dac = ack — aqo K aco describe the mode selective propertiegrofiles can be calculated analytically (see Appendix), and the
(dispersion) of the active medium and the cavity, respectivebyxact frequencies and losses of the uncoupled modes in (45) and

Likewise, in (44) (46) are given by the usual expressions
1,5dng 9
Qp = kAQy + 6024, 602, < AL, (46) 80 = Sh™— AL, + vy (foa99 = facaa)  (49)
. S _— and
Finally, we remove the ambiguity in the definition of mode

phases and frequencies by specifying the way of calculating the oo = 1 In ( > + i (50)
instantaneous mode intenzal2(¢) and the reference mode shift L TRTL "
gs“(t)' The former, inthe case of purely passive ML, is estimated The mode selectivity is provided only by the dispersion of the

netgaing = fy9 — faa

wi—wl
Zk>l EvE =

AQ = AQ =
Zk>l ELEy

29\ o2
(47) dar =0 dgr. = k*—= AQg. (51)
dw?
, , B B The relations above hold regardless of the position of the ab-
In the case of active or hybrid ML, we Usk(? = Af2noq = sorber in the cavity; the SA geometry only enters the rate equa-

const in _the integration of (32), though the instantaneous VaI_Lfﬁ)ns (42) and (43) via the overlap factors (37a) and (37b) in
Af'(t) is also calculated using (47) and used to characterigg, .., ,pjing coefficients’,,, . The specific expressions for these
the ML transient. The reference mode shiftis calculated as ;ors used in the calculations below are shown in the Ap-

o/ pendix. In the simplest case of a tandem laser with a single short
w. — i Eip (wi, — kAQ) (48) (fa < f,) absorber at one of the facets, these expressions are
‘ > B} reasonably close t¢\Y ~ 0.5 f,, &™) & fo,om = 41,23 ..
A typical simulated turn-on transient in a tandem
in both cases. mode-locked laser (with gain and SA sections 40 and
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TABLE | - ed 78052
MAIN PARAMETERS USED IN THE CALCULATIONS
notation meaning value units
r Confinement factor 0.03 18051
a; Internal (dissipative) loss 25 1/cm
ny Group refractive index 3.45
Ny Transparency cartier density (gain) 1.210% | om” | et ] O8O
2.5-10"% . T AR PP SRR
(absorption) B, 2]
Ay Gain cross-section, gain 7.107¢ cm’ ’ R et 80.49
absorption 15:10™ 20 30 40
o Linewidth enhancement factor, gain 2 time, ns
o Linewidth enhancement factor.  SA Fig.2. Simulated turn-on transient in atandem mode-locked laser with a single
? FP laser ’ 0.5 saturable absorber as in Fig. 1(a). Top curve (solid): total intensity; middle curve
DBR 1' (dotted): instantaneous intermodal interval; bottom curves (dotted): intensities
o Gain compression cosfficient 4107 e of individual modes (top to bottom}-3, —2, —1.
€ Absorption compression coefficient, ey’ - .
FP and DBR 7.1077 05 T - . 3
CPM 15107 N
ACPM 18-10" 0.4 B 12
T, Nonradiative recombination time 8 ps 5 '_@ W 110
(absorber) w 03 H I".“ .§
Bimolecular recombination coefficient | 2.5-107° | cm%s § o s 3 H \‘ joe
B Bo4" 5 A |8} g
" {1€
Gor Nonradiative recombination time 10 ns % '! i ! \“ 1
(gain) 0.1+ 5 EYAN {-2
AQ Gain spectrum width parameter 510" 1/s 1 R TN
0.0 .zr"‘{ H : '! ! | ?"‘R‘fr.n_,l- . £
800 600 400 -200 0 200 400
500 .m, respectively, the other main parameters are summa- optical fraquency (relative)
rized in Table I) is shown in Fig. 2. Note that intensities of @)
individual modes see a relatively slow oscillatory relaxation, 5
due to supermode competition, after the faster electron-photon
relaxation oscillations of the total intensity has settled down; 41
the same supermode relaxation transient is experienced by 2,
phases and, therefore, by the instantaneous intermodal interval. S
The resulting steady-state spectrum [Fig. 3(a)] shows both a &,
noticeable asymmetry, with a steeper red edge, and a significant g
red shift—both may be explained by the self-phase modulation, GRE
mainly in the gain section of the laser. For comparison, a dashed
line shows the spectral envelope for the same laser calculated 04—

using a distributed time-domain model [1] (produced by Fourier
transforming a single ML pulse). A good agreement between
the two models can be achieved, though the gain bandwidth

time, ps (-30 ns)
(b)
in the time-domain simulation needed to be taken somewE . 3. (a) Steady state spectrum and (b) temporal pulse profile for a laser

o, sented in the previous figure. Solid: the present model. Dashed: fully
smaller than that of the mode decomposition approach. Tfige-domain simulation. Scattered points in Fig. 2(a) are mode phases.

model presented here allows for calculations about an order of
magnltut_je_ faster than our version of the time-domain mOd(alul'ing the initial relaxation oscillations immediately following
Recombining the amplitudes and phases allows the temporal . . .
ulse profile to be calculated [Fig. 3(b)]. The pulse shape aﬁ}ﬁlltch'on' leaving only mades V.V'th even numt_)ers In the
puise X i S resulting steady-state spectrum [Fig. 4(a)]. In the time domain,
duration obtained by the two models are in good agreement._ : L "
this corresponds [Fig. 4(b)] to a pulse train with a repetition
B. Colliding-Pulse and Asymmetric-Colliding-Pulse rate of2" (F - AQY/2m), with subpicosecond durations and
: modest chirp, in agreement with the experimental trends. We
Passive ML 2 . . .
_ o ) note, though, that in simulations with different parameters, we
Passive colliding-pulse ML (CPM) is a well-known methothpserved significant competition between the “even” and “odd”
for achieving stable, short pulses by placing a single saturalgen supermodes, and even situations when the repetition
absorber in the middle of the Fabry—Perot cavity [Fig. 1(b}requency doubling was achieved without the doubling of the
resulting in a doubling of the repetition rate compared to thgtermodal interval, purely due to there being a phase shift of
tandem construction. When applying our model to a CPM ; petween even and odd modes. As has been shown by the
laser, the relations (49)—(51) still hold, but t(t‘)e expressiofme-domain simulations [10], transient gratings not included
for overlap factors now give apprommatelgém ~ fa, in the current version of our model can further stabilize the

éﬁiq ~ 0. As a result, modes with odd numbers die oudominant supermode.
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1] 10
1
0.1 :
j ; 0.1
2 0.01 3 3
g 20.01
51E-31 2
E §1E-3,
1E-4 4 ‘
1e51LL, | | L A 1E41| | |
-1000  -500 0 500 1000 1000  -500 0 500 1000
relative optical frequency, GHz relative optical frequency, GHz
@ (a)
25 40
20+
30+
3 15, 3
£ g 20
5 10+ E
£ €
54 = 104
%3 2 6 3 4 6 I :
. -8 -4 -2 0 2 6
time, ps (-50 ns) time, ps (-50 ns)
(b) (b)
Fig. 4. (a) Steady-state spectrum of a CPM laser A80 long, with the 6. (a) ML spectrum and (b) fragment of the corresponding pulse train (1.5

saturable absorber 3@ long. (b) fragment of the corresponding pulse traify, g trips of the fundamental laser cavity) for an ACPM laser, geometry as in

(1.5 round-trips o

f the fundamental laser cavity).

0.07

Fig. 6.

of this type ' =100 GHz,M; = 2, M = 5, Fig. 1(c)]. As

1 e o A in all Fabry—Perot constructions, the “cold-cavity” mode fre-
(0084 ? bt guencies and losses are given by (49)—(51), with the harmonic
“ooeslt il ‘ ; ? operation ensured by the overlap factgf&. The values of
§ 0osl i A A L A Al f these parameters are shown in Fig. 5. For comparison, the
g (I T ',,_:' I ST A e values for the CPM laser treated in the previous example are
Tg 0031 ; & ER also shown. In the case of ACPM laser, as in the case of MCPM
S 002l & fuiy i 5 lasers studied in [13] and, unlike the case with simple CPM, the
8 Vot A :: coefficients¢'? are significant even fofm| < M. However,
.g 0011 X o8 g with strong enough mode coupling, numerical simulations of
000}—a @ . . the rate equations still yield a steady-state spectrum with the
0 2 4 N 8 10 nonharmonic “satellite” modes suppressed by about 30 dB

number of intermodal intervals m

[Fig. 6(a)], which corresponds in the time domain to a stream
of pulses with a repetition rate @f/ /' (in our case, 500 GHz)

i (a) i i . . .. . . .
Fig. 5. Mode overlap factorg{?) for CPM (circles) and ACPM (triangles) rWch little visible subharmonic modulation [Flg. G(b)].

lasers. Dotted lines are purely to guide the eye, arrows indicate the positio i ? .
the lasing harmonic. In both cases, the laser isu@0long, with the saturable ~ The alternative means of ML at ultrahigh rates, using
absorber 3Qum long positioned at the middle (CPM) or at 2/5 of lengthfrequency-selective compound cavities, may also be analyzed

(ACPM). using this model and have been reported elsewhere [25], [35].

An important generalization of the CPM principle involveg  pgR Lasers
positioning either one short absorber section [asymmetric
CPM (ACPM)] or several absorbers [multiple CPM (MCPM)] Mode-locked DBR lasers are attracting considerable atten-
within the laser cavity at a distance 8f/M (M = 3,4...) tion as optical sources for a number of applications (see [1]
from a facet and/or from each other, leading under propefflgr an overview). The optical spectrum in ML DBR lasers is
adjusted bias conditions to ML with a repetition rateMfF'. naturally limited by the Bragg stopband and includes only a
The physics of MCPM operation was explained [13] usingmall number of modes, which makes our model particularly
an earlier version of the present model (without fully solvingvell suited for treating these lasers—after appropriate modifi-
the rate equations). Since then, ML at record repetition rateations. Consider for example a commonly used construction
of 500-800 GHz has been achieved using a modification siiown in Fig. 1(d) and consisting of a SA section with a length
ACPM with a single SA at a distanc®; /M - L (e.g., 2/5 or L,, a gain section with a length,, an optically passive section
5/12) from the facet. Here, we model a laser with a geometwith a lengthL, (including the phase adjustment section if any),
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and the DBR section with an optical frequency dependent com- 1217

plex reflectance'z(w) = |rg|exp(i¢p). The effective cavity ] o
length of such a laser is 1.0+ ‘
Leg = Lo + Lg + Lp + Lien (52) 2‘08- |
. . . . %0-5‘ ? 1
Here, the last term is the effective reflection length in the s 14 :
Bragg mirror [36] £04] ! 7
) 0.24] |
_ v, 9¢s |- !
Lreﬂ—_—- (53) =Tt — — ——r———
2 Ow -100 -80 -60 40 -20 0 20 40 60 80 100

In the simplest case of a lossless DBR of a large length relative optical frequency, GHz
Lprage > 1/K, K = K, = K, being the coupling co- @)
efficient, |rp(wiragg)| = |7Bo] ~ tanh(K Lp.ge) at the 6
Bragg wavelengthug,.., (Which is taken to approximately
coincide with the reference frequency) abdy ~ 1/(2K); for 6
more general expressions see, for example, [36]. The effective 2 /,"‘\
cold-cavity round-trip frequency is noW$y = v, /2L, and S 4 / W
the expressions for the overlap coefficients are also modified, g , N
with L in (37a), (37b), and (38) and in the formulas in the = 5l 7 \

Appendix being substituted .. J "

The effective net modal losses and frequencies are now calcu- 0 . 2 . ' \ -
lated by solving the characteristic equation for the laser cavity -10 5 0 5 10
[36] self-consistently, so that time, ps (-50 ns)

(b)
(ep = l In <;> + Qint (54) Fig. 7. (a) ML pulse shapes emitted by a passively or hybridly mode-locked
L |7"BO|7“L DBR laser and (b) the corresponding spectra. Dashed lines/empty symbols:

. . passive ML. Solid lines/filled symbols: pronounced hybrid ML.(,4/a. =
and both the dispersion of modal frequency and that of 108824 at 7.4 = 39.82 GHz).

(the cavity selectivity) are dominated by the effects of the DBR
cavity

Af
60 = 5 (¢B(wk) — éB0) (55)
1 TBo
S = — 1 Ogk. 56
ek I n ) > 0gk (56)

Here, we shall consider a laser similar to those used for
communications-related applications, i.e., designed for oper-
ation at approximately 40 GHz. We consider a structure as in

Fig. 1(d), with the SA, gain, and passive sections 80, 600, and 1E-4 . .
340:m long, respectively, followed by a DBR section with 39.8 39.9 40.0 40.1
the coupling coefficientK = 80 1/cm) chosen to select about modulation frequency, GHz

five Iongltudlnal modes. For the purely passive ML in a DB%i . 8. Locking range of hybrid ML. (1): Fabry—Perot laser, full 35-mode

laser, the quel dqu indeed prequtagrating'bandWidth_Iimit&ctrum simulated; (2): same laser with only 5 modes taken into account;
spectrum with typically four to five modes, corresponding t(g) DBR laser as in Fig. 7.

a spectral width of several picoseconds (Fig. 7, dashed curve).

Of particular interest for practical purposes, however, is thge to only a few modes’ being present in the spectrum); the
case of hybrid ML with a modulation applied to the absorbgfme-bandwidth product remains modest (of the order of 0.5)
contact of the laser, described in the following section. implying modest chirp at all operating conditions.
, , ) The efficiency of our model when applied to slow transients,
D. Hybrid ML, Locking Ranges, and Mechanisms particularly in a laser with only a few modes such as a hybridly
Here, as in [12], we assume that the absorber modulatiomi®de-locked DBR laser, allows us to investigate the locking
proportional to the voltage modulation and, therefore, approsange of hybrid ML more efficiently than it was possible
imately sinusoidal. Then, in the expressions (36) for mode inith a fully time-domain model [12]. To do so, we study the
= 0. Unless time evolution of the instantaneous modal interys?; and
specified otherwise, this section considers a DBR laser with paensider the laser operation locked if the value &), ()
rameters and approximations as discussed in the previous sattles atA); = AQ,,,q and unlocked otherwise. The range
tion. For such a laser, as seen in Fig. 7, the pulsewidth decreasieparameters (modulation amplitude vs. frequency detuning
with absorption modulation amplitude, as expected. This is dmetween modulation and passive ML frequency) in which
companied by a slight increase in the grating-bandwidth-limitete locking is observed is plotted in Fig. 8 for different laser
spectrum width (this is difficult to accurately quantify thoughgonstructions. As in the experimental observations, the locking
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range is asymmetric, slowing the laser down being easier than ) 210 , .
speeding up. For realistically achievable modulation ampli- 2 v ‘i"\.
tudes, the frequency range for locking is of the order of several g N 1 i
per cent of the repetition frequency, also in agreement with 2 2.081 Ry . |
the experiments. At very high modulation amplitudes0(1 £ [N i
on the scale of Fig. 8), the conditiah2; = AQ,,,q holds, s 2.06 L \\j,“\.\ j
but self-pulsation gradually sets in, which may contribute to § e 2 N, ;
the increase of noise under large-signal modulation observed £ NS
under some experiments. @ 2,04 ' .

The modal dynamics approach allows us to identify different ) ) 110 120 130
factors that affect the locking range. To start with, we compare time, ns
the locking properties of a hybridly mode-locked DBR laser @
with those of a Fabry—Perot laser of approximately the same  §
effective (in the case of a Fabry—Perot laser, physical) length : 40.00 i i
and with the same lengths of the amplifier and absorber sec- § 39.96 " " N ” '#5,
tions. Such a laser, like the DBR laser, can be locked to an ex- = R AW |
ternal signal (Fig. 8, dashed curve 1), but in a frequency range § 39.92- N }/ AR '-'
much narrower than that of a DBR laser. Unlike the case of i i P - !
a DBR laser, hybrid mode-locked operation of a Fabry—Perot = 39.881 ] '1,\ §oy
laser is accompanied by a strong shift of the lasing spectrum § J \3 Vi
compared to the passive ML, approximately proportional to the i 39.841 T N g
detuning between the hybrid and passive ML repetition rate. 5 39.80 i . .
This shift was also registered in our time-domain simulations = 80 10(:ime n;w 120 130

[12]. With the large group velocity dispersion (GVD) values
used in [12], the magnitude of the shift was consistent with the ()
spectrum peak moving so that the hybrid ML rate would matdaiyg. 9. (a) Transient behavior of the instantaneous power and (b) intermodal
the frequency-dependent intermodal interval. The GVD valuierval in a m0de—|ocked DBR laser under e_xternal periodical chitation.
used here, however, are too small to explain the shift entir tcecrgss'fmo%ggtr']%n Zf;‘i‘g<‘Cu:rve3%fﬁnff/ifw':heg_8{‘1?tunzufc"e;l;;ul
by this mechanism. We conclude that the nonlinear interacti@gking: dashed curve (2)1,04/a. = 0.003 and dash-dotted curve (3):
between pulse chirp and the shaping effect of the modulatiof.a/a. = 0.0095. Dotted lines show the free-running repetition frequency
must also play a significant role. Still, we find that the dispef$9-935 GHz) and the modulation frequency.
sive properties of the resonator do play a part in determining
the locking range. To prove this, we use the unique possibjihich the intensity and period relax to their steady-state values,
ities of our model to simulate a hypothetical structure whicly, agreement with earlier time-domain simulations. In the oppo-
like a DBR laser, has a restricted spectrum, but with little or ngte case of very small modulation amplitude (the dashed curve
intermodal interval dispersion. It is, essentially, a Fabry—Pergj e observe an almost sinusoidal variation of both intensity
Ca.Vity W|th the number of mOdeS art|f|C|a”y restricted tO ﬁVe |rb_nd repetition period at the frequency (near'y) equa| to the dif-
our case. In this case (dash-dotted curve 2), the locking ranggence of repetition frequencies of free-running (passive) and
is broadened considerably when compared to the Fabry-Pe{@ive ML, with the average repetition period very close to that
laser, but still narrower than that of the true DBR (solid curvgf passive ML. This is the frequency mixing regime observed in
3). We conclude, therefore, that the broad locking range of t8@r previous time-domain simulations [12]. In the intermediate
DBR laser compared to the FP cavity is due to a combinatiease of modulation strong enough to cause significant pulling
of the restricted spectrum (lowering the ML “oscillator quality'of the repetition frequency toward the modulation frequency
and thus easing the locking) and the grating-caused dispersigf still too weak to achieve locking, the laser approaches the
of the intermodal interval. The latter is most important for repcked state but never reaches it, with the near-synchronization
etition ratedowerthan that of the free-running passive ML—inpeing periodically lost (the dash-dotted curve 3 in Fig. 9). A
this case, the spectral broadening as in Fig. 7 involves excitatigity similar behavior was, again, seen in our time-domain sim-
of outer modes of the spectrum which have smaller intermodghtions [12] and called quasi-locking instability. The closer the
intervals due to dispersion. This brings the instantaneous intgfserating point is to locking, the longer are the quasi-locked
modal interval closer to the modulation frequency and thus fgeriods of operation. Mathematically, such behavior of a dy-
cilitates locking. _ _ namic system is consistent with a saddle-node bifurcation on
Fig. 9 gives some examples of the dynamics of the instani@periodic orbit [37]; the application of the dynamic modal ap-
neous powetS and the instantaneous modal intenddll2; in @  proach to more detailed analysis of the (in)stability properties
DBR laser after the modulation is applied. In the case of modulgf mode-locked lasers is reserved for future work.
tion amplitude high enough to achieve locking (the solid curve 1
in Fig. 9), the transient consists of relaxation oscillations (much
more pronounced in the intensity variation than in that of the in-
termodal interval), accompanied or followed by a slower tran-
sient, several nanoseconds long (the time constant identified inin summary, we have presented a modal decomposition based
the previous studies as the supermode relaxation time), durmgdel applicable to a number of multimode and mode-locked

IV. SUMMARY AND CONCLUSION
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laser structures. The main approximations essential for this ap-~ —a in the gain and SA sections respectively. Then, the
proach have been identified as weak modulation/nonlinearitytegrals in (37a) and (37b) can be evaluated to calculate the
and moderate dispersion. Whilst these approximations, partiawerlap factors for Fabry—Perot lasers

larly the former, do limit the applicability of the approach (e.g.,

it becomes problematic for high-power, long cavity lasers), we 57(,2) = Z im 5,(,?) = &imlica

believe the model presented here can accurately describe a large leg

number of practically relevant laser constructions and experi-

mental situations. We believe the results obtained on harmomgere the overlaps over individual sections are evaluated as
ML (e.g., ACPM considered here and compound-cavity lasers

-1 l
treated in [25] and [35]) and on passive and hybrid mode-lockegl, = % {M (H Hyo + iz H L)
DBR lasers show that modal analysis is, at the very least, a very N2L 7o p=1 PL p=1 Hpo
useful supplement for time-domain simulations and in some o1 (= 14
cases may substitute these completely. We believe our approach 4 m =2 (H Hym + — H ) }
offers a unique insight into some of the factors responsible for im =1 PL p=1 Hym

laser properties, allowing us, for example, to isolate the role of ) _
reflection bandwidth and dispersion in determining the lockingghere we have, for brevity, denotég, = ~v; + i((2wm)/L);
properties of a hybridly mode-locked DBR laser. Finally, thé/in = exp(7mmL1). The normalization factal is then
modal dynamics approach can offer an improvement of 1-2 or- 1 .
ders of magnitude in calculation speed over time-domain simu- , _ 1 Hyp -1 17 1

! : _ : N=2>4¢"2 I Ho + = ]] :
lations, particularly for lasers with a restricted spectrum. Y10 — PL i Hpy

Further developments of the model may include the study of g
noise properties and of optical injection, which is relevant to The expressions above are similar to those used in [13], ex-
WDM applications. Another attractive further application of theept that, in the present paper, we have only considered lasers
modal decomposition approach would be a systematic studywath one saturable absorber section (for the MCPM lasers that
instabilities in mode-locked lasers. These present a challengetiave several SAs, the summation olrehould apply to the SA
both experimental studies and time-domain theories but canregion as well, as in [13]). For DBR lasers, the lengtis sub-
relatively straightforwardly studied using the present model kyituted by the effective length.¢ (52).
applying the well-established mathematical apparatus such as
stability criteria for steady-state solutions of systems of ordinary ACKNOWLEDGMENT
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